Abstract. Exact values of the best one-sided approximation by Haar polynomials have been obtained in the integral and uniform metrics for some classes of the functions of several variables defined using modulus of continuity ω(f ; t) and ω ρ i (f ; δ).
Introduction
The system of Haar functions, orthonormal on [0, 1], was introduced in 1909 [1] . The properties of the Haar system and Fourier-Haar coefficients were studied by many scientists, for example in the articles of P.L. Ulyanov [2] , Z. Ciesielski [3] , B.I. Golubov [4] , I.I. Sharapudinov [5] , S.S. Volosivets [6] , A.N. Shchitov [7, 8] and others. Some of the obtained results in this area can be found in the review article [9] .
In approximation theory a lot of works are devoted to the problems of the approximation of functions of one and several variables by polynomials in the Haar system and partial Fourier-Haar sums. We should emphasize the significance of the obtaining in the approximation theory of the exact results for the values of the function approximation.
In the case of one variable in the articles N.P. Khoroshko [10, 11] in the uniform and integral metrics were obtained the exact estimates of the approximation errors of the classes of the continuity functions by polynomials in the Haar system and partial Fourier-Haar sums. In the articles N.P. Khoroshko [10] , S.B. Vakarchuk and A.N. Schitov [12] were obtained the exact values of the best approximation by polynomials in the Haar system of the functions of boundary variation in the integral metric. In the case of the classes of the differentiable functions of one variable the exact estimates of the approximation errors by polynomials in the Haar system were obtained in the article [13] in the metrics L p (1 p ∞) .
In the case of the functions of several variables in the articles [14] - [17] were obtained the upper bounds of the approximation of the continuity functions by polynomials in the Haar system using the modulus of continuity. P.V. Zaderey and N.N. Zaderey [18] , S.B. Vakarchuk and A.N. Shchitov [19] have obtained the exact estimates of the approximation errors for some function classes by polynomials in the Haar system and partial Fourier-Haar sums in the uniform metric. The exact value of the approximation of one function class by the construction of the type "angle" built using the FourierHaar partial sums was obtained in the article [20] in the uniform metric.
Studying of the best one-sided approximation of the functions were started in the articles of G. Freud [21] and T. Ganelius [22] . The problems of one-sided approximation by trigonometric, algebraic polynomials and splines were studied by N.P. Korneichuk, V.G. Doronin, A.A. Ligun, V.F. Babenko and many other scientists. Some of the obtained results in this area can be found in the monograph [23] . In the article [24] was studied the problem of the one-sided approximation by piecewise constant functions of a certain type.
The exact values of the one-sided approximation by polynomials in the Haar system in uniform and integral metrics were obtained by S.B. Vakarchuk and A.N. Shchitov in the article [25] for some classes of the functions of one variable.
We continue to study the one-sided approximation by Haar polynomials started at the [25] . In the current research we consider the one-sided approximations of the functions of several variables by Haar polynomials in the integral metrics φ(x). The exact values will be obtained for some classes of functions defined using modulus of continuity ω(f ; t) and ω ρ i (f ; δ).
On the unit segment I = [0, 1] we consider the binary intervals that are defined in the following way: let for an arbitrary number n i = 2
On the [0, 1] we define the Haar system [1] : Let
forms the orthonormal system of Haar functions on the ddimensional cube I d . We note that information about Haar system can be found, for example, in the [27] - [30] .
Let C ≡ C(I d ) is the space of functions f (t), which are continuous on the I d , with the norm
For an arbitrary function f (t) from the space X we define the subsets [26] 
where we mean the inequalities in the sense of "almost everywhere". The value
is called the best one-sided approximation from below "+" (above "−") of the function f (t) ∈ X in the metric of the space X by the subset of the Haar polynomials P + n (P − n ) of the order at more n ∈ N d . Taking into account [21] we define also the value
For an arbitrary set M ⊂ X we define
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Let Φ is the set of the the functions φ(x) which are even, finite, continuous and nondecreasing on the segment [0, ∞) and match the conditions φ(0) = 0; lim 
It is well known that in the case of the function of one variable f (t) ∈ C the module of continuity is defined in the following way (see, for example, [31] )
In the case of the several variables for the function f (t) ∈ C we can define several types of the modulus of continuity. By the full module of continuity f (t) ∈ C we call the value [32] 
We define the module of continuity of the function f (t) ∈ C which depends on how is defined the distance ρ between two points x and y in the space
where diam ρ (M) is the diameter of the set M. Further by the ρ we mean one of the next distances:
We introduce the next classes of the functions
are some given modulus of continuity. Let us also define: 
Results
Lets Θ is the null element of the space R d .
Theorem 1. Let a function
are the arbitrary modulus of continuity. Then for all n ∈ N d * the equalities hold
Proof. To avoid a cumbersome proof of this theorem we consider the case of the functions of two variables without loss of generality. An arbitrary Haar polynomial of the order at most n (n i = 2
2 some stepwise function which is constant on the next sets △
where △
Let us put for an arbitrary function f (t) ∈
Then we can write
We fix the set △ 
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We divide further the integration set △ ν 1 ,ν 2 m 1 +1,m 2 +1 on four subsets:
where γ 2 ) is the Cartesian product of the segments (b 1 , b 2 ) of the coordinate axis 0t 1 and (γ 1 , γ 2 ) of the coordinate axis 0t 2 . Using (8) after the series of simple calculations we get for an arbitrary function
Since the function φ(x) doesn't decrease on the [0, ∞) and the module of continuity ω(t) doesn't decrease for each variable then the composition φ(ω(t)) is a nondecreasing function for each variable.
From the (9) we have ∫ ∫
Similar to the (8)- (10) we can get from the (7) the next inequality
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for an arbitrary function f (t) ∈ H ω and an arbitrary n ∈ N 2 * . From (11) we have the upper bound
Similar to the (6)- (12) we get the next relations
Let us obtain the lower bound of the value E
. We define the function
Firstly, we consider the case of even numbers n i (i = 1, 2). For an arbitrary module of continuity ω(f ; t) we define a function G(t) ∈ H ω in the following way
where [a] is the integral part of the number a ∈ R. It is easy to show that the function G * (t) ≡ 0 everywhere on I 2 meets an inequality G * (t) G(t). So due to (15) the function G * (t) is the polynomial of the order n of the best one-sided approximation from below for the function G(t). After simple calculations in the case of even n i (i = 1, 2) we obtain the lower bound
In the case of odd n i (i = 1, 2) we should complete the definition of the function G(t) in the following way: if k 1 and k 2 are odd and
. It is easy to show the fairness of the inequality (16) in this case. The relation (3) for the value E + n (H ω ) φ(L) follows from the (12) and (16) .
Taking into account (14)- (15) and mentioned above it is not difficult to define the functions which are the extremal functions on the classes H ω,ρ i (i = 1, 2, 3). Then we can obtain the lower bounds
From the last relation and (13) we have the equality (4) in the case of the best one-sided approximation from below E
. Similarly we can proof the theorem 1 in the cases of the values E
The theorem 1 is proved.
Theorem 2.
For the given function φ(x) ∈ Φ, the arbitrary modulus of continuity ω(t) (t ∈ I d ) and
for all n ∈ N d * . Proof. Without loss of generality we consider the case of the functions of two variables to proof the theorem 2. On the fixed set △
). Also we define the function Z 
Then we can write ∫ ) dt
where R ν 1 ,ν 2 m 1 +1,m 2 +1 (f ; t) is defined by the formula (6) and f (A ν 1 ,ν 2 ) is defined by the (8) . Using the considerations similarly to the mentioned above for the function f (t) ∈ H ω on other sets of the form (5), the properties of the Haar polynomials and based on the (6), (19) - (20) we have
We have the upper bound from the (21)
Similarly to the obtaining of the relations (21)- (22) and based on the (6)- (8), (19)- (20) we obtain
The lower bounds can be easy obtained using the functions G which are defined at the proof of the theorem 1. Thus the theorem 2 is proved.
, where
